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I 

Abstract 

Let k be an algebraically closed field of positive characteristic, G 
a reductive group over k, and V a finite dimensional G-module. Let 
P be a parabolic subgroup of G, and Up its unipotent radical. We 
prove that if 5 = SjmV has a good filtration, then S^^ is strongly 
i^-regular. 



1. Introduction 

Throughout this paper, k denotes an algebraically closed field, and G a re- 
ductive group over k. We fix a maximal torus T and a Borel subgroup B 
which contains T. We fix a base A of the root system E of G so that B is neg- 
ative. For any weight A G X{T)^ we denote the induced module ind^(A) by 
Vg(A). We denote the set of dominant weights by X~^. For A G X"*", we call 
Vg(A) the dual Weyl module of highest weight A. Note that for A G X{T), 
ind^(A) 7^ if and only if A G |Janl (II. 2. 6)], and if this is the case, 
Vg(A) = ind^(A) is finite dimensional |Jant (II. 2.1)]. We denote Vg(— wqA)* 
by Ag'(A), and call it the Weyl module of highest weight A, where wq is the 
longest element of the Weyl group of G. 

2010 Mathematics Subject Classification. Primary 13A50; Secondary 13A35. Key 
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1 



We say that a G-module W is good if Ext^(AG(A), W) = for any A e 
X+. A filtration = C VTi C 1^2 C ■ ■ ■ C VT^ or = VFo C VTi C 
W2 C ■ ■ ■ of is called a (700^ filtration of ly if = H^, and for any 

i > 1, W^/Wi-i ^ VG(A(i)) for some X{i) e X+. A G-module W has a good 
filtration if and only if W is good and of countable dimension |Donl] . See 
also [FrJ and jHiiTl (IILl.3.2)]. 

Let \^ be a finite dimensional G-module. Let P be a parabolic subgroup 
of G containing B, and Up its unipotent radical. The objective of this paper 
is to prove the following. 

Corollary 15.51 Let k be of positive characteristic. Let V be a finite dimen- 
sional G-module, and assume that S = Sym V is good as a G-module. Then 
is a finitely generated strongly F-regular Gorenstein UFD. 

An F-finite Noetherian ring R of characteristic p is said to be strongly 
F-regular if for any nonzerodivisor a of R, there exists some r > such that 
the i?('^)-linear map aF"^ : R^''') R (x^'') ^ axP'') is i?('')-split jHHT] . See 
(12.11) for the notation. A strongly F-regular F-finite ring is F-regular in the 
sense of Hochster-Huneke |HH2j . and hence it is Cohen-Macaulay normal 
f [HH3l (4.2)], [KiEj, and [Wl (0.10)]). 

Under the same assumption as in Corollary 15.51 it has been known that 
S'^ is strongly F-regular |Has2] . This old result is a corollary to our Corol- 
lary 15. 5[ since T is linearly reductive and S'^ = = (S*^)^ is a direct 
summand subring of . Under the same assumption as in Corollary 15. 5[ it 
has been proved that S'^ is F-pure |Has6j . An F- finite Noetherian ring R of 
characteristic p is said to be F-pure if the Frobenius map F : P(i) ^ R splits 
as an i?'^^^-linear map. Almost by definition, an F-finite strongly F-regular 
ring is F-pure, and hence Corollary 15.51 (or Corollary I4.14p yields this old 
result, too. 

Popov |Pop3| proved that if the characteristic of k is zero, G is a reductive 
group over k, and A is a finitely generated G-algebra, then A has rational 
singularities if and only if does so. Corollary 15.51 (or Corollary I4.14p can 
be seen as a weak characteristic p version of one direction of this result. For 
a characteristic p result related to the other direction, see Corollary 13.91 

Section 2 is preliminaries. We review the Frobenius twisting of rings, 
modules, and representations. We also review the basics of F-singularities 
such as F-rationality and F-regularity. 
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In Section 3, we study the ring theoretic properties of the invariant sub- 
ring k[G\^ of the coordinate ring k[G]. The main results of this section are 
Lemma [3.81 and Corollary 13.91 

In Section 4, we state and prove our main result for P = B. In order to do 
so, we introduce the notion of G-strong F-regularity and G-F-purity. These 
notions have already appeared in [Has2j essentially. Our main theorem in 
the most general form can be stated using these words (Theorem I4.12p . As 
in |Has2] . Steinberg modules play important roles. 

In Section 5, we generalize the main results in Section 4 to the case of 
general P. Donkin's results on [/p-invariants of good G-modules play an 
important role here. 

In Section 6, we give some examples. The first one is the action associated 
with a finite quiver. The second one is a special case of the first, and is a 
determinantal variety studied by De Concini and Procesi [DPJ. The third 
one is also an example of the first. It gives some new understandings on 
the study of Goto-Hayasaka-Kurano-Nakamura |GHKNj . It also has some 
relationships with Miyazaki's study |Miy] . 

In Section 7, we prove the following. 

Theorem 17.111 Let S he a scheme, G a reductive S -group acting trivially on 
a Noetherian S-scheme X . Let M be a locally free coherent {G, Ox)-fnodule. 
Then 

Good(SymM) = {x E X \ Sym(/t(x) ®Ox,. ^x) 

is a good (Spec X5 G)-module}, 

and Good(SymM) is Zariski open in X . 

For a reductive group G over a field which is not linearly reductive, there is 
a finite dimensional G-module V such that (Sym V)'-^ is not Cohen-Macaulay 
[Kem] . On the other hand, in characteristic zero, a reductive group G is 
linearly reductive, and Hochster and Roberts |HR] proved that (SymV)'^ 
is Cohen-Macaulay for any finite dimensional G-module V. Later, Boutot 
proved that (Sym V^)*^ has rational singularities [BtJ . In view of Corollary 15. 51 
and Theorem 17.111 it seems that the condition Sym V being good is an ap- 
propriate condition to ensure that the good results in characteristic zero still 
holds. 
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2. Preliminaries 

(2.1) Throughout this paper, p denotes a prime number. Let X be a perfect 
field of characteristic p. 

For a i^-space V and e e Z, we denote the abelian group V with the new 
X-space structure a ■ v — "v hy V^'^\ where the product of " and v 
in the right hand side is given by the original X-space structure of V. An 
element of V, viewed as an element of V^^'' is sometimes denoted by v^'^^ to 
avoid confusion. Thus we have v^'^'^ = (w + w)'-'^^ and av^'^^ = {a^ ''v)^'^\ 

li f -.V ^ W is a iiT-linear map, then /^^^ : V'^^^ W'^''^ given by f^''\v''^^) = 
■u;^^) is a i^-linear map again. Note that (?)(^) is an autoequivalence of the 
category of vector spaces. 

If A is a i^'-algcbra, then A^^'^ with the multiplicative structure of A is a 
i^-algebra. So a^^^'U'^^ = {ah)^^^ for a, 6 G A. If M is an A-module, then M'^^'^ 
is an 74'^^)-module by a'^^-'m'-^^ = (am)'-^^. For a i^T- algebra A and r > 0, the 
rth Frobenius map F"" ^ F\ : A ^ A is defined by F' {a) = aP\ Then F'' : 
Ai^+^) A(^) is a /sT-algebra map for e E Z. Note that F^(a(''+^)) = (aP'")(^). 
jpr . ^(r+e) _^ ^(e) jg ^^g^ written as {F'-y^l 

In commutative ring theory, A^^'^ is sometimes denoted by ~'^A or A^'' . 

(2.2) For a X-scheme X, the scheme X with the new X-scheme structure 

X — > Specif — Specif is denoted by X''^\ where / is the original 
structure map of X as a i^-schemc. So for a X-algebra A, SpecA^*^^ is 
identified with (SpecA)*^^^. The Frobenius map is a K- 

morphism. Note that (l)^'^^ is an autoequivalence of the category of K- 
schemes with the quasi-inverse (?)(-^), and it preserves the product. So the 
canonical map {X X y)(^) X(^) X y(^) is an isomorphism. If G is a X-group 

scheme, then with the product G'(^) x G^^) ^ (G x G)^^^ ^ G^^\ G^^^ is 
a X-group scheme, and F'' : G'(^) is a homomorphism of X-group 

schemes. If is a G-module, then V^'^'' is a G'^^-'-module in a natural way. 
Thus V^"^^ is a G- module again for r > via F^ : G ^ G'^^\ If V has a basis 
Vi,...,Vn, g e G{K), and gvj = Y.i'^'if^i^ then gv^p = Y.i^^j'^'f^- If ^ is 
a G-algebra, then A^^^ is a G-algebra again. If M is a (G, y4)-module, then 
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is a (G,AW)-module. See [Hii2] . 



(2.3) Let A be an F^-algebra. We say that A is F-finite if A is a finite 
^(i)_niodule. An F-finite Noetherian i^-algebra is excellent |Kunj . 

Let A be Noetherian. We denote by A° the set A \ UpgiviinA-^' "where 
Min A denotes the set of minimal primes of A. Let M be an A-module and 
N its submodule. We define 

C\a{N, M) = NIj ■= {xeM\3ce A° 3eo > 1 Ve > Cq 

X (g) c(~') G M/N (S)A is zero}, 

and call it the tight closure of N in M. Note that CI a{N, M) is an R- 
submodule of M containing N |HH2[ Section 8]. We say that N is tightly 
closed in M if CU(A^, M) = A^. For an ideal / of A, CU(/, A) is simply 
denoted by /*. If /* = /, then we say that / is tightly closed. 

We say that A is very strongly F -regular if for any a G there exists 
some r > 1 such that the A*^^)-linear map aF\ : A'^'^^ — )■ A has a splitting. 
That is, there is an 74'-'')-linear map $ : A ^ A(^) such that ^aF'' = id^{.) 
|HH3] . |Has5] . We say that A is strongly F -regular if C\a{N, M) = N for any 
A- module M and its submodule N \B.oc\ p. 166]. We say that A is weakly 
F -regular if J = /* for any ideal I of A |HH2] . We say that A is F -regular 
if for any prime ideal P of A, Ap is weakly F- regular |HH2j . We say that A 
is F -rational if I = I* for any ideal / generated by ht / elements, where ht / 
denotes the height of /. 

Lemma 2.4. Let A be a Noetherian ¥p-algebra. 

(i) If A is very strongly F -regular, then it is strongly F -regular. The converse 

is true, if A is either local, F-finite, or essentially of finite type over 
an excellent local ring. 

(ii) // A is strongly F -regular, then it is F -regular. An F -regular ring is 

weakly F -regular. A weakly F-regular ring is F -rational. 

(iii) A pure subring of a strongly F-regular ring is strongly F-regular. 

(iv) An F -rational ring is normal. 

(v) An F -rational ring which is a homomorphic image of a Cohen-Macaulay 

ring is Cohen-Macaulay. 
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(vi) A locally excellent F -rational ring is Cohen-Macaulay. 

(vii) If A = 0j>o Ai is graded and Aq is a field, and if A is weakly F -regular, 
then A is very strongly F -regular. 

(viii) A Gorenstein F-rational ring is strongly F-regular. 

Proo f (i) is [H^ (3.6), (3.9) , (3.35)]. (ii) is jHiiSl (3. 7)], [HH2l (4.15)], 
and [HH31 (4.2)]. (iii) is [I faiSl (3.17)]. (iv) and (v) are jHH3l (4.2)]. (vi) 
is (Ml (0.10)]. 

(vii) is [LSi (4.3)], if the field Aq is F-finite. We prove the general 
case. By [HH21 (4.15)], A^ is weakly F-regular, where m = .^q is the 
irrelevant ideal. Let K be the perfect closure (the largest purely inseparable 
extension) of Aq, and set B := K ^- Then B is purely inseparable over 
A. It is easy to see that Bm '■= B (8)A^m is a local ring whose maximal ideal is 
mB,^. By [HH3l (6.17)], B„ is weakly F-regular. By the proof of [LSI (4.3)], 
Byn and B are strongly F-regular. By |Has5[ (3.17)], A is strongly F-regular. 
As A is finitely generated over the field Aq, A is very strongly F-regular by 

(i). 

(viii) Let A be a Gorenstein F-rational ring. By |HH3t (4.2)], A^ is 
Gorenstein F-rational for any maximal ideal m of A. If A^ is strongly F- 
regular for any maximal ideal m of A, then A is strongly F-regular by [Has5t 
(3.6)]. Thus we may assume that {A, m) is local. Let (xi, . . . , Xd) be a system 
of parameters of A. Then an element of H^{A) as the cith cohomology group 
of the modified Cech complex [BH[ (3.5)] is of the form a/ {xi ■ ■ ■ XdY for some 
t > and a E A. This element is zero if and only if a G (x* , . . . , x^), by |BIH 
(10.3.20)]. So this element is in the tight closure (O)^d(^) of if and only if 
a G {x\, . . . , x^)* = {x\, . . . , x^), and hence (O)^d(^) = 0. As A is Gorenstein, 

H^{A) is isomorphic to the injective hull F^(y4/m) of the residue field A/m. 
By |Has5[ (3.6)], A is strongly F-regular. □ 

(2.5) Let be a field of characteristic zero, and A a i^'-algebra of finite 
type. We say that A is of strongly F-regular type if there is a finitely generated 
Z-subalgebra R of A and a finitely generated flat i?-algebra Apt such that 
A = K Ar, and for any maximal ideal m of R, R/m (8>_r Aji is strongly 
F-regular. See |Hart (2.5.1)]. 
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3. The invariant subring k[G]^ 

(3.1) Let the notation be as in the introduction. Let A be an abelian group. 
We say that A = ©^ga^-** ^ A-graded G-algebra if A is both a G-algebra 
and a A-graded fc-algebra, and each Ax is a G-submodule of A for A G A. 
This is the same as to say that A is a G x Spec fcA-algebra, where kA is the 
group algebra of A over k. It is a commutative cocommutative Hopf algebra 
with each A G A group-like. 

We say that a Z-graded fc-algebra A = 0jg2 Ai is positively graded if 
Ai = for i <0 and k = Aq. 

(3.2) Let the notation be as in the introduction. 

We need to review Popov-Grosshans filtration |Pop2] , |Grs2j . 

Let us fix (until the end of this section) a function h : X{T) — )■ Z such 
that (i) h{X+) C N = {0, 1, . . .}; (ii) h{X) > /i(/x) whenever A > /i; (in) 
h{x) = for X G X{G). Such a function h exists |Grs2t Lemma 6]. 

Let be a G-module. For a poset ideal vr of X"*", we define O^iV) to be 
the sum of all the G-submodules W of V such that W belongs to tt, that is, 
if A G X+ and Wx ^ 0, then A G vr. OT^iV) is the biggest G-submodule of 
V belonging to vr. We set 7r(n) := h^^{{0, 1, . . . , n}) for n > and 7c{n) = 
for n < 0. We also define V{n) := 0^(„)(V^). 

For a G-algebra A, {A{n)) is a filtration of A. That is, 1 G A{0) C A{1) C 
. . . , A{n) = A, and A{n) ■ A{m) C A{n + m). The Rees ring Ti{A) of 
A is the subring of A[t]. Letting G act on t trivially, A\t] is a 

G-algebra, and TZi^A) is a G-subalgebra of A[t\. So the associated graded 
ring g{A) := 7^(v4)/^7^(A) is also a G-algebra. 

We denote the opposite of U by 

Theorem 3.3 (Grosshans |Grslt Theorem 16]). Let A be a G-algebra which 
is good as a G -module. There is a G-algebra isomorphism $ : g{A) — )■ 
(A^^ k[G]^)'^ , where U acts right regularly on k[G], T acts right regularly 
on A;[G]^ {because T normalizes U), and G acts left regularly on k[G]^ and 
trivially on A^"^ . □ 

The direct product G x G acts on the coordinate ring k[G] by 
{{gug2)f){9) = f{9l'992) if e k[G], g,g,,g, G G{k)). 

In particular, k[G\ is a G x S-algebra. Taking the invariant subring by 
the subgroup U = {e} x U C G x B, A;[G]^ is a G x T-algebra, since T 
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normalizes U. Thus k[G]^ = ®x£X{t) ^[^]a is an X(T)-graded G-algebra. 
As a G-module, 

k[Gf, ={fe k[G] I f{gb) = X{b)f{g)} = ((-A) ® k[G]f = md%{-X) 

for A G X{B) = X{T) by the definition of induction, see |Janl (1.3.3)]. Thus 
we have: 

Lemma 3.4. k[G]^ = 0;,^^^+ Vg(A) M (-A) as a G x T-module. It is an 
integral domain. □ 

The converse is also true. 

Lemma 3.5. Let A be a G x T -algebra such that A = ^X(^x+ Vg(A) K (-A) 
as aGx T-module and that is a domain, where = x {e} d GxT . 
Then A = k[Gf as a G x T-algebra. 

Proof. Let ip : X+ — )■ X{T) x X{T) be the semigroup homomorphism given 
by (p{X) = (A, —A). A'^^ is a (y9(X"'")-graded domain, and each homoge- 
neous component A^^ = Vg(A)^^ K (-A) is one-dimensional. So by |Has3[ 
Lemma 5.5], A^'^ ^ kip{X+) as an X{T) x X(T)-graded A;- algebra. 

Set G" = G X T, and r = T X T. Define h' : X{T') = X{T) x X{T) Z 
by h'{X,fi) = h{X). For a G'-algebra A', we have a filtration of A' from h' as 
in (13. 2p . We denote the associated graded algebra by Q'{A'). 

It is easy to see that A = Q'{A), and this is isomorphic to B := {kip{X~^)^ 
{k[Gf M k[T])f' by Theorem [Sj (applied to G'). We define i{j : k[Gf B 
by 

tpia (g) t_x) = {tx ® t_x) ® (a O t_x) ® ^a, 

where a G Vg(A) and for fj, G X(T), t^ is the element /i considered as a basis 
element of kX{T) = k[T]. We consider that Vg(A) K (-A) C k[Gf. With 
respect to the left regular action, tx is of weight —A. So ip is a G x T-algebra 
isomorphism. Thus A = k[G]'^ as a G x T-algebra, as desired. □ 

Assume that G is semisimple simply connected. Then by |Pop2| , X{B) — >■ 
Pic{G/B) (A I—)- C{X)) is an isomorphism, where C{X) = Cg/b{X) is the 
G- linearized invertible sheaf on the fiag variety G/B, associated to the B- 
module A, see [Janl (1.5.8)]. Thus we have 
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Lemma 3.6. // G is semisimple and simply connected, then the Cox ring 
{the total coordinate ring, see |Coxj . |EKWj ) Cox{G/B) is isomorphic to 
®xex+ ^g{^), o,s an X{T)-graded G-module {that is, G x T-module), where 
both H^{G/B,C{X)) C Cox{G/B) and Vg(A) are assigned degree —A. The 
Cox ring Cox{G/B) is also an integral domain, and hence isomorphic to 
k[G]^ as an X{T)- graded G- algebra. 

Proof. The first assertion follows from the fact that H^{G/B, C{X)) = Vg(A) 
for XeX+ and H°{G/B, C{>^)) = for A G X{B)\X+ [JiEl (11.2.6)]. 

Consider the Oc/s-algebra S := Sym(£(Ai)©- ■ ■Q)C{Xi)), where Ai, . . . , A; 
are the fundamental dominant weights. Being a vector bundle over G/B, 
SpeciS is integral. Hence Cox{G/B) = r{G/B,S) is a domain. 

The last assertion follows from Lemma 13.51 □ 

Lemma 3.7. IfG is semisimple and simply connected, then k[G]'^ is a UFD. 

Proof. This is a consequence of Lemma [3.61 and [EKWl Corollary 1.2]. 

There is another proof. Popov |Pop2] proved that k[G] is a UFD. More- 
over, G does not have a nontrivial character, since G = [G,G], see |Humt 
(29.5)]. It follows easily that fc[G]^ = k"" by [Roil Theorem 3]. As U is 
unipotent, U does not have a nontrivial character. The lemma follows from 
Remark 3 after Proposition 2 of |Popl| . See also |Has7[ (4.31)]. □ 

By [GreTl (2.1)], k[Gf is finitely generated. See also [RR] and [Gre2l 
Theorem 9]. 

By |Has3| Lemma 5.6] and Lemma 13. 4[ k[G]^ is strongly F- regular in 
positive characteristic, and strongly F-regular type in characteristic zero. In 
any characteristic, k[G]'^ is Cohen-Macaulay normal. 

In any characteristic, if G is semisimple simply connected, being a finitely 
generated Cohen-Macaulay UFD, k[G]^ is Gorenstein |Mur] . 

Combining the observations above, we have: 

Lemma 3.8. k[G]'-' is finitely generated. It is strongly F -regular in positive 
characteristic, and strongly F-regular type in characteristic zero. If G is 
semisimple and simply connected, then k[G]^ is a Gorenstein UFD. 

Corollary 3.9. Let k be of positive characteristic, and A be a G-algebra 
which is good as a G-module. If is finitely generated and strongly F- 
regular, then A is finitely generated and F -rational. 
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Proof. This is proved similarly to |Pop3 Proposition 10] and |Grs2t Theo- 
rem 17]. 

As U and are conjugate, A'^^ = , and it is finitely generated and 
strongly F- regular by assumption. Note that A is finitely generated |Grs2 
Theorem 9]. 

Note that k[G]^ is finitely generated and strongly F-regular by Lemma ESi 
So the tensor product A^^ k[G]^ is finitely generated and strongly F- 
regular by |Has3t (5.2)]. Thus its direct summand subring {A^^ ^k[G]^)'^ is 
also finitely generated and strongly F-regular |HHlt (3.1)]. By Theorem 13. 3 [ 
G{A) is finitely generated and strongly F-regular, hence is F-rational ([HHIJ 
(3.1)] and [HH31 (4.2)]). By [HMl (7.14)], A is F-rational. □ 



4. The main result 



Let the notation be as in the introduction. In this section, the characteristic 
of is p > 0. 

(4.1) For a G-module W and r > 0, W^^'^ denotes the rth Frobenius twist 
of W, see Section E] and [Janl (1.9.10)]. 

Let p denote the half sum of positive roots. For r > 0, let Str denote the 
rth Steinberg module VgUp^ — l)p), if ip^ — l)p is a weight of G. Note that 
{p^ — l)p is a weight of G if p is odd or [G, G] is simply connected. 

The following lemma, which is the dual assertion of |Has2t Theorem 3], 
follows immediately from |Jant (10.6)]. 

Lemma 4.2. Let {jf — l)p be a weight of G for any r > 0. Let V be a finite 
dimensional G-module. Then there exists some ro > 1 such that for any 
r > rQ and any subquotient WofV, any nonzero {or equivalently, surjective) 
G-linear map if : St^ ®W Str admits a G-linear map ip : Str — )■ Str ® W 
such that ipip = idstr ■ 

We set G = radG x F, where radG is the radical of G, and F — )■ [G, G] 
is the universal covering of the derived subgroup [G, G] of G. Note that 
there is a canonical surjective map G G, and hence any G-module (resp. 
G-algebra) is a G-module (resp. G-algebra) in a natural way. The restriction 
functor res^ is full and faithful. 

Let S = 0j>o Si be a positively graded finitely generated G-algebra which 
is an integral domain. 
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Assume first that (p^ — l)p is a weight of G for r > 0. We say that S is 
G-strongly F -regular ii for any nonzero homogeneous element a of ^ there 
exists some r > 1 such that the (G, S''''''')-hnear map 

id (g) aF"' : SU ® S^''^ SU ® S (x O s^''^ x ® as''') 

is a spht mono. In general, we say that S is G-strongly F-regular if it is so 
as a G-algebra. 

The following is essentially proved in |Has2j . We give a proof for com- 
pleteness. 

Lemma 4.3. If S is a G-strongly F -regular positively graded finitely gener- 
ated G-algehra domain, then S'^ is strongly F-regular. 

Proof. We may assume that G = G. Let A := S^. 

As we assume that is a finitely generated positively graded domain, 
A is a finitely generated positively graded domain, see |MFKt Appendix to 
Chapter 1, A]. Let a be a nonzero homogeneous element of A such that 
A[l/a] is regular. Take r > 1 so that id ® aF'' : Str ® S^''^ Str S 
is a split mono. Let $ : Str ® S" — )■ Str ® S^^^ be a (G, S'*^''-')-linear map 
such that $ o (id (g aF"^) = id. Then consider the commutative diagram of 
(G, A('^))-modules 



Str A^'-)^ Str ® str ® S^'^^ 




Str (g) AC ^ Str (g S. 



Then applying the functor HomclStr, ?) to this diagram, we get the commu- 
tative diagram of A -modules 



^(0 ^ ^(r-) ^ ^ ^(r) 




A ^ RomciStr, Str (g 5"), 

see |Has2t Proposition 1, 5]. This shows that the A -linear map aF^ : 
A^'') A splits. By jHHTl (3.3)], A is strongly F-regular. □ 

The following is also proved in |Has2] (see the proof of |Has2l Theorem 6] ) . 
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Theorem 4.4. Let V he a finite dimensional G -module. If S = Syml^ has 
a good filtration {see the introduction for definition) , then S is G-strongly 
F -regular. 

Lemma 4.5. Let S be a G-strongly F -regular positively graded finitely gen- 
erated G-algebra domain, and assume that there exists some a E S'^ \ {0} 
such that S[l/a] is strongly F -regular. Then S is strongly F -regular. 

Proof. We may assume that G = G. Let / be the radical ideal of 5* which 
defines the non-strongly F-regular locus of S. Such an ideal exists, see |HH1 
(3.3)]. Then / is G x G^-stable, and hence / fl 5**^ is G^-stable. In other 
words. In 5"-^ is a homogeneous ideal of 5*^. By assumption, 7^ a G JflS'*^. 
So J n 5"-^ contains a nonzero homogeneous element b. Take r > 1 so that 
1 ® : Sir ® S^''^ Sir ® ^ has a spitting. Let X be any nonzero element 
of Str. Then x ® id : S^^^ ^ A; ® S'-''^ Str ® S^''^ given by s'-^^ ^ s^^) is a 
split mono as an S'^^^'-'-linear map. Thus {xi^ids){bF'^) = (idi^bF^){xi^idg(r)) 
is a split mono as an S''-''-'-linear map, and hence so is bF"^ : S^^^ — )■ S. By 
[HHTl (3.3)], S is strongly F-regular. □ 

Let S" be a finitely generated G-algebra. We say that S is G-F-pure if 
there exists some r > 1 such that id ® F'' : Str ® S^'^^ — )■ Str ® 5* splits as 
a (G, S'*-^'*)-linear map. Obviously, a G-strongly F-regular finitely generated 
positively graded G-algebra domain is G-F-pure. The following is essentially 
proved in |Has6 ] . 

Lemma 4.6. Let S be a G-F-pure finitely generated G-algebra. Then S'^ is 
F-pure. 

Proof. This is proved similarly to Lemma 14.31 See also |Has6] . □ 

Lemma 4.7. Let S and S' be a G-F-pure finitely generated G-algebras. Then 
the tensor product S ^ S' is G-F-pure. 

Proof. This is easy, and we omit the proof. □ 

Lemma 4.8. Let S be a G-F-pure finitely generated G-algebra, and assume 
that the (G, S^"^^) -linear map 

id^F' : Str ® ^("^ ^ Str^S 

splits. Then the (G, S^"^^^) -linear map 

id ® F"" : Stnr ® 5^"'^ ^ Stnr » S 

splits for any n > . 
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Proof. Induction on n. The case that n = is triviaL Assume that n > 0. 
Note that Stnr = Str St^(^_^y. So 

is identified with the map 

id®(id®F("-l)'-)('-) : Str0{St^n-l}r(^S^^''-^>^f^ ^ Str(^{St^n-l)r(^Sf\ 

and it has an (G, S'*^"''^)-hnear sphtting by the induction assumption. On 
the other hand, id ® -F^ : St^r ® 5'^^^ — )■ Stnr S sphts by assumption, as 
Stnr — Str ® St^(!^_^y. Thus the composite 

which agrees with id -F"^, has a sphtting, as desired. □ 

Lemma 4.9. Let S — 0„>o Sn be a finitely generated positively graded G- 
algebra which is an integral domain. Then the following are equivalent. 

1 S is G-strongly F-regular. 

2 S is [G,G]- strongly F-regular. 

3 S is r -strongly F-regular, where F — >■ [G, G] is the universal covering. 

Proof. The imphcations 1=^2<^3 is trivial. We prove the direction 3=^1. 
Replacing G by (5 if necessary, we may assume that G — R x F, where R 
is a torus, and F is a semisimple and simply connected algebraic group. Let 
a G S"^ be any nonzero homogeneous element. Then by assumption, the 
{R, (5(''))r)-linear map 

(aF"")* : Romj^ s(r)(Str ® S, Str ® S^""^) Rom^ s(r){Str S^''\ Str « S^""^) 

is surjective. Taking the i?-invariant, 

(aPy : Romas(r)(Str ® S, Str ® S^""^) RomGs(r)(Str ® S^''\ Str ® S^''^) 

is still surjective, since R is linearly reductive. This is what we wanted to 
prove. □ 
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The following is proved similarly. 

Lemma 4.10. Let S = 0„>o Sn be a finitely generated G-algebra. Then the 
following are equivalent. 

1 S is G-F-pure. 

2 S IS [G,G]-F-pure. 

3 S is T-F-pure, where T — t- [G, G] is the universal covering. □ 

Lemma 4.11. Let G be semisimple and simply connected. Then k[G]^ is 
G-F-pure. 

Proof. This is |Has6t Lemma 3]. □ 

The following is the main theorem of this paper. 

Theorem 4.12. Let S = 0„>o •S'n be a finitely generated positively graded 
G-algebra. Assume that 

1 S is F -rational and Gorenstein. 

2 S is G-F-pure. 

Then S is a G-strongly F -regular integral domain. 

Proof. Note that 5* is normal |HH3[ (4.2)]. As 5* is positively graded, 5* is an 
integral domain. 

Replacing G by F, where F — )■ [G, G\ is the universal covering, we may 
assume that G is semisimple and simply connected, by Lemma 14.91 and 
Lemma 14.101 

As S is G-F-pure, there exists some / > 1 such that id®F^ : Sti ® S**-'-* — >■ 
Sti ® 5 has a (G, 5('))-linear splitting ijj : Sti (g) S ^ Sti (g) S'-^\ 

Note that any graded (G, S')-module which is rank one free as an S- 
module is of the form S{n), where S{n) is 5* as a (G, S')-module, but the 
grading is given by S{n)i = Sn+i- In fact, let —n be the generating degree 
of the rank one free graded (G, 5')-module, say M, then M_„ ® 5* — )■ M is a 
(G, S')-isomorphism. As M_„ is trivial as a G-module (since G is semisimple), 
M_„ ^ k{n) as a graded G-module. Thus M ^ k{n) (g S = S{n). 
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Let a be the a-invariant of the Gorenstein positively graded ring S. 
Namely, us — S{a) (as a graded (G, S')-module, see the last paragraph). 
Then 

Hom5M(5, S^'-)) ^ Hom5M(5, {usY'^\-p'~a)) ^ ujs{-fa) = S{{l-p'-)a) 
for r > 0. 

Let a be any nonzero element of Hom5{i)(S', S^^^)(p^i)a — Sq. As Sq = k 
is G-trivial, a : 5 — t- S^^'^ is (G, 5'*^^^)-linear of degree {p — l)a. 
For r > 0, let 0"^ be the composite 

It is (G, S''^''^)-linear of degree (p^ — l)a. Note that = a^^l^ar for u > r. 
Hence by the composite map 

(1) Qr,u ■■ Hom5M(^,^(^)) ^ Hom5„,(^,Hom5(„)(5W,^("))) 

the element cr^ is mapped to cr„, where the first map a^l^ maps / G Homg(r) (S', S'^'^^) 

to the map x /(x) ■ cr^fi^. More precisely, we have Qr,u{f) = (^u-r ° /• 
By the induction on m, it is easy to see that Qi^u is an isomorphism, and 

cr„ is a generator of the rank one S'-free module Hom5.(u)(S', S'^"-'). It follows 

that Qr,u is an isomorphism for any u > r. 

We continue the proof of Theorem 14.121 Take a nonzero homogeneous 

element b of A = S'^. It suffices to show that there exists some u > 1 such 

that id (g> : St^ O ^("^ ^ St^^S splits as a (G, ^("))-hnear map. 

As S* is F-rational Gorenstein, it is strongly F-regular by Lemma 12. 4[ 

(viii). So there exists some r > 1 such that 

{bF^sT ■■ Hom5M(5,5(^)) ^ Homs(,,(5W,5W) 

given by {bF^)*{ip) = (pbF^ is surjective. 

Let V be the degree — (p^ — l)a— component of S', where d is the degree of 
b. Note that ^ Hom5(.)(5, S'-''^)_d is mapped onto k = Hom5(.)(^('^), 5^)0 
by {bF^y. In particular, -(p^ - l)a - (i > 0. So a < 0. If S k, then it is 
easy to see that a < 0. 
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By Lemma \4.'2\ there exists some Uq > 1 such that for any u > Uq, for 
any subquotient W of V, and any G-hnear nonzero map / : Stu ® — )■ Stu, 
there exists some G-hnear map g : Stu Stu ® W such that fg = id. Take 
u> Uq such that m — r is divisible by I. 

Now the diagram 

Hom5M(^, ^('■)) ^^*Hom5M(^W, ^M) 

(bF'^)* 

Hom5(.)(5,5("))— Hom5(„)(5W,^(")) 

is commutative. So the bottom {bF"^)* is surjective. Let us consider the 
surjection 

(bPy : W = i{bFyy\k ■ ail) n Hom5(.)(^, ^ A; ■ a^. 

By definition, is contained in the degree ap^lp"^'^ — 1) — d component of 
Hom_5(i,) (S*, S**^")) = S{—a{p^ — 1)), which is isomorphic to as a G-module. 
So W is isomorphic to a G-submodule of V. 

Let E := }iom{Stu, Stu) ■ Then by the choice of Uq and u, there exists 
some G-hnear map gi : E ^ E ^ W such that the composite 

E^E0W^^^E^ik.a^l) 

(r) 

maps (fi to (f ^ (^u-r- 

We identify E ® Homs(„)(^, ^(")) by Hom5(„)(5t„ ® 5, Stu ® 5^")) in a 
natural way. Similarly, E ® Hom^cr) {S'^'^\ S) is identified with Hom5{r) {Stu ® 
S^^\ Stu ® S), and so on. 

Then letting u := gi{idst„), the composite 

Stu ® ^^"^ ^^^^ ® 5 4 St„ ® 5^") 

agrees with id ® (7^1^- 

Since 5 is G-F-pure, m — r is a multiple of /, and Stu — Str ® St^l^, 
there exists some (G, S'*-"'')-linear map $ : ® ^ 5t„ ® such that 
o (id5t„ ® F^"'') = id by Lemma HSl 

Viewing $ as an element of E ^ Hom^t^) (S^*-), let 

P G F®Hom5M(^('^),^(")) 
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be the element {idE®{Q^A)-^){^). In other words, /3 : Stu(^S^''^ Stu^S^""^ 
is the unique map such that the composite 



(r) 



is $. 

Write P = ^jV'i ® ai^\ where (pi G E and aj G S. Define /3' G E 
Hom5'(S', S) by /?' = fi^a^ ■ Then it is easy to check that (id®6-F^)o/3 = 
/3' o (id ® fe-F*") as maps 

Combining the observations above, the whole diagram of (G',^("))-modules 



id 



id(g)(T, 



(r) 



/3 

Stu 

id®bF'' 

Stu 



Stu ® 5* 




is commutative. So id ® 6F" : Stu ® 5^"^ ® ^ has a (G, ^("))-linear 

splitting □ 

Corollary 4.13. Lei S be as in Theorem 14. 121 Then S^ is finitely generated 
and strongly F-regular. 

Proof. Finite generation is by |Grs2t Theorem 9]. 

We prove the strong F-regularity. We may assume that G is semisimple 
and simply connected. Then k[G\^ is a strongly F-regular Gorenstein domain 
by Lemma 13.81 Hence the tensor product S ® k[G\^ is also a strongly F- 
regular Gorenstein domain, see |Has3t Theorem 5.2]. As S is assumed to 
be G-F-pure and k[G\^ is G-F-pure by Lemma I4.1H the tensor product 
S®k[G]^ is also G-F-pure by Lemma Wl\ Hence by the theorem, S ®k[G]^ 
is G-strongly F-regular. It follows that {S ® k[G]^)'^ is strongly F-regular 
by Lemma As S^ ^ {S ® k\G]^)^ (see the proof of jG?^ (1.2)]. See 
also |DoH Lemma 4.1]), we are done. □ 

Corollary 4.14. Let V he a finite dimensional G -module, and assume that 
S = Syml^ has a good filtration as a G -module. Then S^ is finitely generated 
and strongly F-regular. 



Proof. Follows immediately from Corollary 14.131 and Theorem 14.41 



□ 
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5. The unipotent radicals of parabolic subgroups 

Let the notation be as in the introduction. Let J be a subset of A. Let 
L = Lj he the corresponding Levi subgroup CciCla^jO^GTi^ , where (?)° 
denotes the identity component, and Cg denotes the centralizer. Let P = Pj 
be the parabolic subgroup generated by B and L. Let Up be the unipotent 
radical of P. Let Bl := B r\ L, and Ul the unipotent radical of Bl. 
Here are two theorems due to Donkin. 

Theorem 5.1 (Donkin |Don3t (1.2)]). Let wq and wl denote the longest 
elements of the Weyl groups of G and L, respectively. For A G , we have 
Vg(A)'^^ = V l^wlWoX) as L-modules. 

Theorem 5.2 (Donkin |Don3l (1.4)], |Don4l (3.9)]). Let 

^ Ml Ma Mg 

be a short exact sequence of G -modules. If Mi is good, then 

^ Mf ^ ^ M^'' M^'' 

is exact. In other words, if M is a good G-module, then R'{II^{Up,l) o 
resg^)(M) = /or i > 0. 

From these two theorems, it follows immediately: 

Lemma 5.3. Let M he a good G-module. Then M^^ is a good L-module. 

So we have: 

Proposition 5.4. Let k be of positive characteristic. Let S be a finitely gen- 
erated positively graded G-algebra. Assume that S is Gorenstein F -rational, 
and G-F-pure. Then S^^ is finitely generated and F -rational. 

Proof. By Lemma 15.31 S^^ is good as an L-module. By Corollary I4.13[ 
(S*^^)^^ = is finitely generated and strongly F-regular. By Corollary 13. 9 [ 
applied to the action of L on S^^ , we have that S^^ is finitely generated and 
F-rational. □ 

Corollary 5.5. Let k be of positive characteristic. Let V be a finite dimen- 
sional G-module, and assume that S = Sym V is good as a G-module. Then 
is a finitely generated strongly F-regular Gorenstein UFD. 
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Proof. As Up is unipotent, S^^ is a UFD by Remark 3 after Proposition 2 
of \PopT\ . 

On the other hand, S satisfies the assumption of Proposition 15.41 by The- 
orem 14.41 So by Proposition 15. 4[ S^^ is finitely generated and F-rationaL 
Being a finitely generated Cohen-Macaulay UFD, it is Gorenstein |Mur] . and 
hence is strongly F- regular by Lemma 12.41 ( viii) . □ 

Remark 5.6. Let k be of characteristic zero. The characteristic-zero coun- 
terpart of Proposition 15.41 is stated as follows: If S* is a finitely generated 
G-algebra with rational singularities, then 5*^^ is finitely generated with ra- 
tional singularities. This is proved in the same line as Proposition 15.41 Note 
that S*^ is finitely generated with rational singularities by |Pop3 Corollary 4, 



Theorem 6]. Then applying |Pop3 Corollary 4, Theorem 6] again to the ac- 



tion of L on S^^ , S^^ is finitely generated and has rational singularities, 
since (^^^)^^ ^ is so. 

The characteristic-zero counterpart of Corollary 15.51 is stated as follows: 
If S* is a finitely generated G-algebra with rational singularities and is a 
UFD, then S*^^ is a Gorenstein finitely generated UFD which is of strongly 
F-regular type. As we have already seen, 5*^^ is finitely generated with 
rational singularities. 5*^^ is a UFD by Remark 3 after Proposition 2 of 
[PopTI . As S'^p is also Cohen-Macaulay |KKMSl p. 50, Proposition], S^^ 
is Gorenstein |Murj . A Gorenstein finitely generated algebra with rational 
singularities is of strongly F-regular type, see |Hart (1.1), (5.2)]. 



6. Applications 

The following is pointed out in the proof of |SvdBt (5.2.3)]. 

Lemma 6.1. Let K be a field of characteristic zero, H he an extension of a 
finite group scheme by a torus over K , and A a finitely generated H -algebra 
of strongly F -regular type. Then is of strongly F -regular type. 

Proof. Set B = A^ . Let K be the algebraic closure of K. As can be 
seen easily, if K ®k B is of strongly F- regular type, then so is B. Since 
K ®K B = {K ®K A)^®'^^ , replacing K by K, we may assume that K is 
algebraically closed. Then H is an extension of a finite group F by a split 
torus GJ^ for some r. As A^ = (A^™-)'", we may assume that H is either a 
split torus or a finite group F. 
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Now we can take a finitely generated Z-subalgebra R of K and a finitely 
generated flat i?-algebra such that K^^A^ = A, and for any closed point 
X of Speci?, k{x) ®_r Ar is strongly F-regular. Extending R if necessary, we 
have an action of Hn on Afj which is extended to the action of H on A, 
where Hji = (Gm)/? or Hr = T. Extending R if necessary, we may assume 
that n G R^ , where n is the order of T, if H = T. 

Now set Br := A^^. 

If H = (Gm)ij, then Br is the degree zero component of the Z^'-graded 
finitely generated i?-algebra Ar, and it is finitely generated, and is a direct 
summand subring of Ar. 

If H = r, then Br — )■ Ar is an integral extension and Br is finitely 
generated by |AM[ (7.8)]. As p : Ar Br given by p(a) = (1/n) Y.^^^r'^^ 
is a splitting, Br is a direct summand subring of Ar. 

In either case, Br is finitely generated over R, so extending R if necessary, 
we may assume that Br is i?-fiat. Note that B = K ^r Br, since K is i?- 
fiat, and the invariance is compatible with a flat base change. Note also that 
®r Br is a direct summand subring of k{x) ^r Ar, and k{x) ^r Ar is 
strongly F-regular. Hence k{x) ^r Br is strongly F-regular by Lemma 12. 4[ 
(iii). This shows that A^ = is of strongly F-regular type. □ 

The following is a refinement of |SvdB[ (5.2.3)]. 

Corollary 6.2. Let K be afield of characteristic zero, H an affine algebraic 
group scheme over K such that H° is reductive. Let S be a finitely generated 
H-algebra which has rational singularities and is a UFD. Then is of 
strongly F -regular type. 

Proof. Let H' := [H° , H°]. Then K®kH' is semisimple, and does not have a 
nontrivial character. Thus has rational singularities by Boutot's theorem 
[Btj and is a UFD by |Has7l (4.28)]. So it is of strongly F-regular type by 
Kara |Hi?l (1.1), (5.2)]. As {H/H'Y is a torus, = [S^')H/h' is of strongly 
F-regular type by Lemma [6. II □ 

Theorem 6.3. Letk be an algebraically closed field, and Q = {Qo,Qi, s,t) a 
finite quiver, where Qo is the set of vertices, Qi is the set of arrows, and s and 
t are the source and the target maps Qi — )■ Q^, respectively. Let d : Qo ^ N 
be a map. For i E Qq, set Mj := and let Hi be any closed subgroup 

scheme of GL{Mi) of the following: 

(1) GL(M,), SL(M,); 
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(2) Sp^(-j) {in this case, d{i) is required to he even); 

(3) SOd{i) {in this case, the characteristic of k must not he two); 

(4) Levi subgroup of any of (l)-(3); 

(5) Derived suhgroup of any of (l)-(4); 

(6) Unipotent radical of a parabolic subgroup of any of (l)-(5); 

(7) Any subgroup Hi of GL(Mj) with a closed normal suhgroup Ni of Hi 

such that Ni is any o/(l)-(6), and Hi/Ni is a linearly reductive group 
scheme. In characteristic zero, we require that {Hi/Ni)° is a torus. 

SetH := UieQo •= riaeQi Hom(M,(„), Mt(„)). Then (SymM*)^ is 

finitely generated, and strongly F -regular if the characteristic of k is positive, 
and strongly F -regular type if the characteristic of k is zero. 

Proof. If Hi satisfies (7) and the corresponding Ni satisfies (x), where 1 < 
X < 6, then we say that Hi is of type (7,x). 

Note that SymM* ^ (g)^^^^ Sym(M,(„) ® M*^^^). 

First we prove that Sym M* has a good filtration as an if-module if each 
Hi is as in (l)-(5). To verify this, we only have to show that Sym(Ms(Q,) ® 
^t(a)) ^ good if-module for each a, by Mathieu's tensor product theorem 
[Mat] ■ This module is trivial as an ifj-module if i ^ s{a),t{a). Thus it 
suffices to show that this is good as an x -fft(a)-module if s{a) ^ t{a)., 

and as an ifs(Q,)-module if s{a) = t{a), see |Has2t Lemma 4]. By |Has2[ 
Lemma 3, 3, 5, 6] and [Don2[ (3.2.7), (3.4.3)], the assertion is true for 
Ht(a) of (l)-(3). By Mathieu's theorem [Matj Theorem 1], the groups of 
type (4) is also allowed. By [Don2l (3.2.7)] again, the groups of type (5) is 
also allowed. By |Has2t Theorem 6] , the conclusion of the theorem holds this 
case. 

We consider the general case. If Hi is of the form (l)-(5), then consid- 
ering Ni = Ui C Bi C Hi, where Bi is a Borel subgroup of Hi and Ui its 
unipotent radical, Bi is a group of the form (7), and as the ifj-invariant and 
the i?j-invariant are the same thing for an ifj-module, we may replace Hi 
by Bi without changing the invariant subring. Hence in this case, we may 
assume that Hi is of the form (7,6). Clearly, a group of the form (6) is also 
of the form (7,6), letting Ni = Hi. So we may assume that each Hi is of type 
(7). If (SymM*)^ is strongly F-regular (type), where N = riigQo^*' ^^^^ 
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(SymM*)-'^ = {{Sym M*)^)^^^ is also strongly F-regular in positive charac- 
teristic, since H/N = IljeQo ^i/^i linearly reductive and (SymM*)^ is a 
direct summand subring of (SyniM*)^. In characteristic zero, {H/N)° is a 
torus, and we can invoke Lemma IGTTI Thus we may assume that each Hi is of 
the form (1)— (6). Then again by the argument above, we may assume that 
each Hi is of the form (7,6). Again by the argument above, we may assume 
that each Hi is of the form (6). Now suppose that Hi G Gi G GL{Mi), and 
each Gi if of the form (1)— (5), and Hi is the unipotent radical of the parabolic 
subgroup Pi of Gi. Then letting G ■.= Y[Gi and P := Y[ Pi, H = Y[ Hi is the 
unipotent radical of the parabolic subgroup P of G. As Sym M* has a good 
filtration as an G-module by the first paragraph, (SymM*)'^ is finitely gen- 
erated and strongly F-regular (type) by Corollary 15.51 and Remark 15.61 □ 



This covers Example 1 and Example 2 of |Has2j . except that we do not 
consider the case p = 2 here, if On or S0„ is involved. For example. 

Example 6.4. Let Q = 1 ^ 2 ^ 3, (c/(l), rf(2), rf(3)) = (m,t,n). Hi = 
Hs = {e}, and H2 = GU. Then M = Rom{M2, M3) x Hom(Mi,M2), and 
M M//H is identified with 

it: M ^Yt = {f e Hom(Mi, M3) | rank / < t}. 



where 7r((y9,'?/') = ipip (De Concini-Procesi |DP] ). Thus (the coordinate ring 
of) Yt is strongly F-regular (type), as was proved by Hochster-Huneke |HH4t 
(7.14)] (F- regularity and strong F-regularity are equivalent for positively 
graded rings, see Lemma EI 



Next we consider an example which really requires a group of type (7) in 
Theorem 16.31 

Let Khe a field, and M = iT"^, N = K"^. Let 1 < s < ra, and a = (0 = 
oo < ai < ■ ■ ■ < Os = n) be an increasing sequence of integers. Let &, 6, 
and T be disjoint subsets of {!,..., s} such that S5 ]J (3 ]J T = {1, . . . , s}. 
Let 



H = H{a; &,&,%) :-- 



Ho 



\ 



O 



H. 



G GLmiK) = GL{M), 



where Hi is GLai-ai_i if / G 35, SLai-ai_i if / G ©, and {Eai-ai_i } if lei. 
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Let us consider the symmetric algebra S = Sym(M A^). It is a graded 
polynomial algebra over K with each variable degree one. Let ei, . . . , and 
/i, ...,/„ be the standard bases of M = K"^ and = K"^, respectively. For 
sequences 1 < ci, . . . ,Cu < m and 1 < di, . . . ,du < n, we define [ci, . . . , c„ | 
di, . . . , du] to be the determinant det(eci ® fdj)i<i,j<u- It is a minor of the 
matrix (e^ ® /j) up to sign, or zero. Let S be the set of minors 

{[ci, ...,Cu\di,...,du]\l<u< min(m, n), 

1 < Ci < ■ ■ ■ < Cu < m, I < di < ■ ■ ■ < du < n}. 

We say that [ci, . . . , c„ | di, . . . ,du] < [c[, . . . ,c'^ \ d[, . . . , d'^] ii u > v, and 
c'i > Ci and c?- > (ij for 1 < i < v. It is easy to see that E is a distributive 
lattice. 

Set e := min 0. For 1 < / < e, set 

Ti:= {[!,..., ai\di,..., da^] \ I < di < ■ ■ ■ < da, < n} 
if / G (3, and 

F; := {[ci, . . . , c„ I (ii, . . . , I a;_i < u < ai, 

I < Ci < ■ ■ ■ < Cu < ai, Ct = t (t < a;_i), 1 < (ii < ■ ■ ■ < (i„ < n} 

if / G T. Set F = IJ;^^ F;. Note that F is a sublattice of E. 

It is well-known that S is an ASL on S over K [BHt (7.2.7)]. For the 
definition of ASL, see [BHl (7.1)]. 

Lemma 6.5. Let B be a graded ASL on a poset Q over a field K . Let S he 
a subset of f2 such that for any two incomparable elements ^,ri EE, 

(2) ^r] = ^ CiTUi 

in S with each mi in the right hand side being a monomial of H divisible by 
an element C,i in S smaller than both ^ and rj. Then the subalgebra K\E}^ of 
B is a graded ASL on H. 

Proof. We may assume that mi in the right hand side of ([2]) has the same 
degree as that of ^rj for each ^, rj^ and m,. For a monomial m = Ylujen ^'^^^K 
the weight w{m) of m is defined to be c(ci;)3'^°'^*^'^\ where coht(c(;) is 
the maximum of the lengths of chains u = ojq < Ui < ■ ■ ■ m Vl. Then 
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w{mm') = w{m) + w{m'), and for each i, w{mi) > w{$,r]) in So each 
time we use ([2]) to rewrite a monomial, the weight goes up. On the other 
hand, there are only finitely many monomials of a given degree, this rewriting 
procedure will stop eventually, and we get a linear combination of standard 
monomials in S. Now {H2) condition in |BH[ (7.1)] is clear, while (Hq) and 
(Hi) are trivial. □ 

We call K[E] a subASL of B generated by S if the assumption of the 
lemma is satisfied. 

Theorem 6.6. Let the notation be as above. Let H act on S via h{m®n) = 
h{m)®n. Set A := . Then 

(1) A = K[T]. 

(2) K[r] is a subASL of S = K[I1\ generated by T. 

(3) A is a Gorenstein UFD. It is strongly F -regular if the characteristic of 

K IS positive, and is of strongly F-regular type if the characteristic of 
K is zero. 

Proof. First we prove that A is strongly F-regular (type). To do so, we may 
assume that K = k is algebraically closed. Let i?+ be the subgroup of upper 
triangular matrices in GL^, and set := B^ fl H. Then it is easy to see 
thatA = S^i. 

Now let Q be the quiver 1 ^ 2, d = {d{l),d{2)) = {m,n), d = B^ C 
GLm, and G2 = {e}. Let be the unipotent radical of B^. Then ^7^^ is the 
unipotent radical of an appropriate parabolic subgroup of GL^, is normal 
in Bjj, and B^/U^ is a torus. Thus the assumption (7) of Theorem 16.31 is 
satisfied, and thus A = S^h is strongly F-regular (type). 

The assertion (2) is a consequence of the straightening relation of the 
ASL S. See jXBW] for details. 

Assume that (1) is proved. Then by the definition of F, letting M' be 
the subspace of M spanned by ei, . . . , ea^_j, A = Sym(M' (g) A^)-^ , where 
H' = HnGL{M'), by (1) again {GL{M') is viewed as a subgroup of GL(M) 
via g'{ei) = Ci for i > Oe-i)- As H' is connected and K®kH' does not have a 
nontrivial character, A is a UFD by |Has7l (4.28)], where K is the algebraic 
closure of K. So assuming (1), the assertion (3) is proved. 
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It remains to prove (1). It is easy to see that T G A. So it suffices to 
prove that dim^ = dimx K[T]ii for each degree d > 0. To do so, we may 
assume that K is algebraically closed. 

Let P"*" be the parabolic subgroup H{a] {1, . . . , s}, 0, 0) of GLm, and Up+ 
the unipotent radical of P~^. If 

^ Ml ^ Ma M3 

is a short exact sequence of good GL(M) x GL(A^)-modules, then 

(3) ^ Mf^+ ^ M2^^+ ^ M3^^+ ^ 



is an exact sequence of good P"''/f/p+-modules by Lemma [573] and Theo- 
rem Note that P~^/Up+ is identified with YVi=i ^^ai-ai^^^ and H/Up+ 
is identified with its subgroup HLi each Hi is either GLai-ai_^, 
SLai-ai_j^, or trivial, it follows that a good P+/t/p+ -module is also good 
as an H /Up+-modu\e. Applying the invariance functor (?)^/'^p+ to ([3]), 

^ Mf ^ Mf ^ Mg^ ^ 

is exact. 

Now we employ the standard convention for GL(M). Let T be the set of 
diagonal matrices in G := GL(M) = GL^, and we identify X{T) with 
by the isomorphism 



Z™9(Ai,A2,...,A^)^ 



VV 



7 



\ 



J 



e X{T). 



We fix the base of the root system of GL{M) so that the set of lower triangular 
matrices in GL{M) is negative. Then the set of dominant weights X'^^j^^-^ is 
the set 

{A = (Ai,...,A„)gX(T)|Ai>--->A„}. 

We use a similar convention for GL{N). See [Janl (II. 1.21)] for more infor- 
mation on this convention. 



For A G X, 



GL(M)' VGL(Af) 



{X)^p+ is a single dual Weyl module by The- 



orem [5?T1 But obviously, the highest weight of Vgl(a/)(A)'^^+ is A. Thus 
Vgl(a/)(A)'^^+ — ^ p+/Up+W- Now the following is easy to verify: 
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Lemma 6.7. For A = (Ai, . . . , A^) G 



^GL{M)> 

|Vgl„,(A(1))®---®Vgl._.^_,(A(s)) (AgB) 
{otherwise) 



as / H -modules, where := (Aa;_j+i, . . . , AaJ for each I, and 6 is the 
subset of Xq^j^j^ consisting of sequences A = (Ai, . . . , Am) such that A(/) = 
(0,0,..., 0) for each I G iS, and A(Z) = {t,t, . . . ,t) for some t G Z for each 
I G ©. 

Let r := min(m,n), and set 

p(c^) = {A = (Ai, . . . , A^) G Z'^ I Ai > • ■ ■ > A^ > 0, \\\ = d}, 

where |A| = Ai + A2 + ■ ■ ■ + A^. We consider that 

(Ai, . . . , Xr) = (Ai, . . . , Ar, 0, . . . , 0), 

and V{d) C X'^^j^^y Similarly, we also consider that V{d) C X'^^j^y By 
the Cauchy formula |ABWt (IIL1.4)], 5*^ has a good filtration as a GL{M) x 
GL( A^)-module whose associated graded object is 

GL{N) (A). 

Note that Vgl(m)(A) is isomorphic to the Schur module Lj^M in |ABWj . 
where A is the transpose of A. That is, A = (Ai, A2, . . .) is given by Aj = 
#{j > 1 I A, > i}. 

By Lemma [6. 7t has a filtration whose associated graded object is 

Vgl„, (A(1)) ® ■ ■ ■ ® Vgl.._.^_, (A(s)) K VGL(iv)(A). 
AGP(rf)ne 

In particular, 

(4) dim^,^= ciimVGL(;v)(A)ndimVGL.,_.,_^(A(/)). 

Next we count the dimension of -^'[r]^. This is the number of standard 
monomials of degree d in -R'[r]. For a standard monomial 



]^[cfe,i, . . . , Cfe^^j^ I db^i, . . . ,di 



b=l 
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(where [cb^i, . . . , c^^^j, | dh^i, . . . , (ife^^J increses when b increases) in E, we define 
li{v) = (/ii, . . . ,/Xq), and \{v) its transpose. Such a standard monomial v of 
r of degree d exists if and only if A(f ) e fl V{d). 

For a standard monomial f of S such that \{v) = A G V{d) fl 0, f is a 
monomial of F if and only if the following condition holds. For each 1 < b < 
Ai, 1 < ^ < s, and each ai_i < i < ai, it holds ai^i < Cs^i < ai. The number of 
such monomials agrees with dim VGL(Ar)(A) Yli dim VcLa^-a; ^ (-^(O); can be 
seen easily from the standard basis theorem |ABWt (IL2.16)]. So dimx-ft'fF] 
agrees with the right hand side of (jl]), and we have dimx = dimx = 
dimx K[T]d, as desired. □ 

Remark 6.8. The case that s = 2, ai = /, 6 = 0, (3 = {2}, and T = 
{1} is studied by Goto-Hayasaka-Kurano-Nakamura [GHKNj . Gorenstein 
property and factoriality are proved there for this case. The case that s = m, 
ai = I (/ = 1, . . . , m), = 6 = 0, and T = {1, . . . , m} is a very special case 
of the study of Miyazaki |Miy] . 

7. Openness of good locus 

(7.1) Let i? be a Noetherian commutative ring, and G a split reductive 
group over R. We fix a split maximal torus T of G whose embedding into 
G is defined over Z. We fix a base A of the root system, and let B be the 
negative Borel subgroup. For a dominant weight A, the dual Weyl module 
Vg(A) is defined to be ind^(A), and the Weyl module A.q{X) is defined to be 

A G-module M is said to be goodii ExtG(AG(A), M) = for any A G X+, 
where X"*" is the set of dominant weights, see [Hasll (IIL2.3.8)]. 

Lemma 7.2. The notion of goodness of a G-module M is independent of the 
choice ofT or A, and depends only on M . 

Proof. Let T' and A' be another choice of a split maximal torus defined 
over Z and a base of the root system (with respect to T'). Let B' be the 
corresponding negative Borel subgroup. 

Assume that R is an algebraically closed field. Then there exists some 
g e G{R) such that gBg-^ = B'. So indg A = md%{X') for any A G X{B), 
where A' is the composite 

B' ''^''^''^^ B^G^. 
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So this case is clear. 

When i? is a field, then a G-module M is good if and only if R ®r M is 
so as an R ®r G-module, and this notion is independent of the choice of B, 
where R is the algebraic closure of R. 

Now consider the general case. If M is i?-finite i?-projective, then the 
assertion follows from |HasH (III. 4. 1.8)] and the discussion above. If M is 
general, then M is good if and only if there exists some filtration 

= Mo C Ml C M2 C ■ ■ ■ 

of M such that J. Mi = M, and for each i > 1, Mi/Mi_i ^ Ni(g)Vi for some 
_R-finite -R-projective good G-module Ni and an i?- module Vi. Indeed, the 
only if part is |Haslt (III. 2. 3. 8)], while the if part is a consequence of the 
goodness of A^j® 1^, see |Haslt (III. 4. 1.8)]. This notion is independent of the 
choice of T or A, and we are done. □ 

Note that if i? — )■ i?' is a Noetherian i?-algebra, then an R' (8>/j G-module 
M' is good if and only if it is so as a G-module. This comes from the 
isomorphism 

Ext^(AG(A),M') = Ext^^,^c(A^,«G(A),M'). 

If M is a good G-module, and R' is i?-fiat or M is i?-finite /^-projective, 
then R' 0^ M is a good R' G-module by jHasTl (1.3.6.20)] and jHasTl 
(III.1.4.8)], see jHiiTl (III.2.3.15)]. If M is good and is a fiat i?-module, 
then M ® is good. This follows from the canonical isomorphism 

Ext^(AG(A), M®V) = Ext*G(AG(A), M) ® V, 

see [H^ (1.3.6.16)]. 

If R' is faithfully fiat over R and R' (S)_r M is good, then M is good by 
jHiin (1.3.6.20)]. 

(7.3) Let S* be a scheme, and G a reductive group scheme over S, and X a 
Noetherian S'-scheme on which G acts trivially. Let M be a quasi-coherent 
(G, Cx)-iiiodule. For (G, Ox)-niodules, see |Has4t Chapter 29]. Almost by 
definition, a (G, Cx)-niodule and a (G x^X, (9x)-niodule (note that G XsX 
is an X-group scheme) are the same thing. 

We say that M is good if there is a Noetherian commutative ring R and 
a faithfully fiat morphism of finite type / : Speci? — )■ X such that Gr '■= 
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Speci? X5 G is a split reductive group scheme over i?, and r(Speci?, f*M) 
is a good Gi{-module. This notion is independent of the choice of / such 
that Gr is spht reductive. When X = Speci? is affine, then we also say 
that r(X, M) is good, if M is good. If : X' — )■ X is a flat morphism of 
Noetherian schemes and M is a good quasi-coherent (G, Ox) -module, then 
g*M is good. If M is a quasi-coherent (G, Ox)-^odu\e, g is faithfully fiat, 
and g*M is good, then M is good. 

For a quasi-coherent (G, Cj!s:)-niodule M, we define the good locus of M 
to be 

Good(M) = {x e X \ Mr, is a good (SpecCx,x Xs G)-module}. 

If (7 : X' — > X is a fiat morphism of Noetherian schemes, then (yf^^(Good(M)) = 
Good(^*M). If X = Spec is afiine, then for a (G, i?)-module X, Good(X) 
stands for Good(X), where X is the sheaf associated with X. 

(7.4) Let the notation be as in (17. ip . 

For a poset ideal vr of X"*" and a G-module M, we say that M belongs to 
TT if Ma = for A e X+ \ vr. 

Proposition 7.5. Let it be a poset ideal of X^ and M a G-module. Then 
the following are equivalent. 

(1) M belongs to vr. 

(2) For any R-finite subquotient N of M and any R-algebra K that is a 

field, K ®ij X belongs to vr. 

(3) For any R-finite subquotient X of M , any R-algebra K that is a field, 

and A e X+ \ TT, HomG(AG(A), K®rN) = 0. 

(4) For any A G X+ \ vr, HomG(AG(A), M) = 0. 

(5) M is a Gj^-comodule, where G^ is the Donkin subcoalgebra of G with 

respect to n, see |Hasll (III.2.3.13)] . 

Proof. (1)^(2) is obvious. 

(2)^(3) We may assume that R = K and N = M. Then 

HomG(AG(A),M) = RomdM* ,md%{-woX)) 

= HomB(M*, -wqX) = RomBiwoX, M) C M^„a = 0. 
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(3) ^(4) As M is the inductive limit of i?- finite G-sub modules of M, 
we may assume that M is i?-finite. We use the Noetherian induction, and 
we may assume that the implication is true for R/I for any nonzero ideal / 
of R. If R is not a domain, then there is a nonzero ideal I of R such that 
the annihilator : / of i? is also nonzero. As HomG'(AG'(A), M//M) = 
and HomG'(A(;j(A), JM) = 0, we have that HomG'(A(A), M) = 0. So we may 
assume that i? is a domain. Let be the torsion part of M. Note that 

^ N ^ M ^ K ®rM 

is exact, where K is the field of fractions of R. Hence A^ is a G-sub module 
of M. The annihilator of A^ is nontrivial, and hence HomGr(AG(A), A^) = 
0. On the other hand, by assumption, B.omG{Ac{\), K ®_r M) = 0. So 
HomG(AG(A), M) = 0, and we are done. 

(4) ^(5) is jHiin (III.2.3.5)]. 

(5) ^(1) As the coaction um '■ M — )■ M' ®/j is injective, it suffices 
to show that M' ®if, belongs to vr, where M' is the i?-module M with 
the trivial G-action. For this, it suffices to show that belongs to tt. This 
is proved easily by induction on the number of elements of vr, if tt is finite, 
almost by the definition of the Donkin system [Haslt (III.2.2)], and the fact 
that Vg(A) belongs to vr. Then the general case follows easily from the 
definition of G^, see jHiiTl (III.2.3.13)]. □ 

Corollary 7.6. Let M be a G-module, and tt a poset ideal of the set of 
dominant weights . If M belongs to n, then ExtQ^AciX), M) = for 
i>0 and \ e X+\n. 

Proof. We use the induction on i. The case i = is already proved in 
Proposition 17.51 

Let i > 0. Let G^^ denote the Donkin subcoalgebra of k[G]. Consider the 
exact sequence 

^ M ^ M' ^nC^ ^ N ^ 0. 

Then A^ belongs to tt, and Ext^^(AG'(A), A^) = by induction assumption. 
On the other hand, as G^ is good and i?-finite i?-projective by construction, 
M' is also good by [HiiTl (III.4.1.8)]. Hence Ext^jiAdX) , M' 0r 

G^) = 0. By the long exact sequence of the Ext-modules, we have that 
Ext^c(AG(A),M) = 0. □ 

Lemma 7.7. Let the notation be as in ( 17.3^ . Let M be a coherent (G, Ox)- 
module. Then Good(M) is Zariski open in X . 
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Proof. Let / : Spec i? — )■ X be a faithfully flat morphism of finite type such 
that Gr is split reductive. Let Mr := T{SpecRJ*M). Then Good(MR) = 
/~^(Good(M)). As / is a surjective open map, it suffices to show that 
Good(Mij) is open in Specif. So we may assume that S = X = Speci? 
is affine and G is split, and we are to prove that Good(A^) is open for an 
i?-finite G-module N. 

As is i?-finite, there exists some finite poset ideal tt of X"*" to which 
N belongs. Then Exti^iAdX) , N) = for A G X+ \ vr and i > 0. Set 
L := ^^^^ Ac{\)- Then Good(X) is nothing but the complement of the 
support of the i?-module Ext^(L,X) by [HasTl (III.2.3.8)]. As Ext^(L,X) 
is i?-finite by [Hasll (III.2.3.19)], the support of Ext^^L, N) is closed, and 
we are done. □ 

(7.8) Let the notation be as in (17. 3p . For a quasi-coherent (G, Ox)-^odule 
M, the good dimension GD(M) is defined to be -oo if M = 0. If M 7^ 
and there is an exact sequence 

(5) ^ M ^ Xo ^ ^ A", ^ 

such that each Ni is good, then GD(M) is defined to be the smallest s such 
that such an exact sequence exists. If there is no such an exact sequence, 
GD(M) is defined to be 00. 

(7.9) Assume that X = Speci? is affine and G is split reductive. For a 
G-module M, 

GD(M) = sup{« I Ext''^{AG{X),M) ^ 0}. 

AGX+ 

Note that M is good if and only if GD(M) < 0. If r > 0, s > -1, and 

is an exact sequence of G-modules with GD(Mj) < i + r, then GD(M) < 
s + r + 1 if and only if GD(X) < r. 

If M and N are good and M is i?-finite /^-projective, then M ^ N is 
good, see |Haslt (III. 4. 5. 10)]. Moreover, if M is i?-finite /^-projective with 
GD(M) < s, then M has an exact sequence of the form ([5]) such that each 
Ni is i?-finite /^-projective and good. Indeed, M belongs to some finite poset 
ideal vr of X"*", and when we truncate the cobar resolution of M as a Gj^- 
comodule, then we obtain such a sequence. 
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It follows that for an i?-finite i?-projective G-module M, GD(M) < s if 
and only if GD(/t(m) M) < s for any maximal ideal m of i? by |Haslt 
(III.4.1.8)]. 

It also follows that if GD(M) < s and GD(iV) < t with M being i?-finite 
i?-projective, then GD(M (g)N) < s + t. 

Lemma 7.10. Let V be an R-finite R-projective G-module with rank\^ < 
n < oo. Then the following are equivalent. 

(1) Sym V is good. 

(2) 0r=i^ Sym^ V is good. 

(3) Fori = l,...,n-l, GD(AV) <i-l. 

(4) Fori> 1, GD(AV) <i-l. 

Proof. We may assume that i? is a field. 

(1) ^(2) is trivial. 

(2) ^(3) We use the induction on i. 

By assumption and the induction assumption, GD(Symj_j- V ^ /\^V) < 
j — I for j = 1, . . . , z — 1. On the other hand, Sym^ V is good. So by the 
exact sequence 
(6) 

^ ^'V Symi V (g) A'" V > Sjmi_^ V ® A^"^ ^ Sym^ V ^ 0, 

GD(AV)<z-l. 

(3) ^(4) is trivial, as dim A*^ < 1 for i > n. 

(4) =^(1) Note that Symg V" = i? is good. Now use induction on i > 1 to 
prove that Sym^ \^ is good (use the exact sequence (E]) again). □ 

Theorem 7.11. Let S be a scheme, G a reductive S- group acting trivially on 
a Noetherian S-scheme X. Let M be a locally free coherent (G, Ox)-'module. 
Then 

(7) Good(SymM) = {x G X | Sym(/t(x) ®Ox,. ^x) 

is a good (SpecK(a;) X5 G)-module}, 

and Good(SymM) is Zariski open in X . 
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Proof. Take a faithfully flat morphism of finite type / : Speci? — )■ X such 
that Spec R Xg G is split reductive. Note that / is a surjective open map, 
and /-i(Good(SymM)) = Good(Sym /*M). 

First we prove that Good(SymM) is open. We may assume that S = 
X = Spec R is affine, and G is split reductive. 

Then by Lemma 17.101 and Lemma 17. 7^ 

n 

Good(Sym M) = Good(0 Sym^ M) 

is open, where the rank of M is less than or equal to n. 

Next we prove that the equality ([7]) holds. Let P G Speci?, and x = 
f{P). Then Sym(K(x) <S>Oxx is good if and only if Sym(K(P) (8)^^ 
r(Spec -R, /*M)p) is good. So we may assume that S = X = Speci? is 
affine, and G is split reductive. Let N be an i?-finite i?-projective G-module 
of rank at most n. Then (Sym iV)p is good if and only if (©"^^ Sym^ N)p is 
good by LemmaEini By [H^ (in.4.1.8)], (0"^^ Sym^ A^)p is good if and 
only if k{P) (©"=1 ^Y^j ^) p good. By Lemma [?. 101 again, it is good if 
and only if k(P) (Sym iV)p is so. Thus the equality ([7]) was proved. □ 

Corollary 7.12. Let R be a Noetherian domain of characteristic zero, and 
G a reductive group over R. If M is an R-finite R-projective G -module, then 
{P G Spec R I Sym(/t(P) (g)p M) is good} is a dense open subset of Spec R. 

Proof. By Theorem l7.1H it suffices to show that Good(Sym M) is non-empty. 
But the generic point rj of Speci? is in Good(SymM). Indeed, K{ri) is a field 
of characteristic zero, and any k^tj) <^r G-module is good. □ 
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